MATH2050C Selected Solutions to Assignment 4

Section 3.1

(5d) We have

o1l 155
2n2 +3 2|  2(2n243)  4n?

Therefore, for any number n. satisfying > /[5/4¢] + 1 , we have

n2—1 1
27’L2—|—3_§ <eg, VTLZTLE
So
n2—-1 1

lim ———=-.
n—oo 2n? +3 2
Here [a] is the integer part of a. For instance, [1.2] = 1, [5] = 5,[-3.4] = —3.

(6¢) Using

0l < ——<e, Vn>n.,
e ‘ NG € n > ne
where n. can be chosen to be any natural number > [1/£?] + 1. So
lim Vi =0.
n—oon + 1

(17) Use

2222 2 2222 2_,(2\"" vn > 4
nl 1234 n S 1233 37 =T

It suffices to choose n. such that

that is,
log(e/2)

(0]
24 ———= .
e ” 2 og(2/3)

Note. In general, one can show that lim,, . a™/n! = 0 for every a > 0.

(18) It suffices to consider € = x/2. Then there is some K such that |z, —z| < z/2, Vn > K.
By writing it as —z/2 < x,, — x < x/2, we get z/2 < x, < 3z/2.

Section 3.2 (1d) We write
2n? +3 2+ 3/n?
n2+1  14+1/n2
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Then

on? +3 . 2+3/n?
lim 5 = lim ———
n—oo N4+ 1 n—00 1—|—1/n2

1i 2 +3/n?

— ?m"_)oo( +3/n7) (by Limit Theorem)
limy, 00 (1 4 1/n2)
2

= Z=2
1

(5) Both sequences are not bounded, so they cannot be convergent.

(11) (a) Write
(3n1/2)1/2n _ (31/2)1/nn1/4n _ (31/2)1/71(4n>1/4n<4—1/4)1/n _ (31/24—1/4)1/n<4n)1/4n )

1/n

Use the known facts lim,,_, a'/" = 1 (a > 0) and lim,,_,o, n'/™ = 1, we have

lim (3nY2)Y/27 = lim o'/"(4n)V/*" = lim o'/" lim (4n)/*" =1 x 1 =1,
n—oo n—oo n—oo n—oo
where a = 31/24=1/4 by Limit Theorem.

Note. Here we have used the trivial fact: lim,_oo n'/" = 1 implies limn_,oo(4n)1/ dn — 1.

(b) Let ,, = (n + 1)/1°8(+1) Then log x,, == log(1 4 n) = 1. So this is a constant

log(1+n)
sequence {e, e, e, -} and lim,_,o =, = €.

(12) We have
an+1 +bn+1 B bn+1(1 4 (a/b>n+1) _ 14+ (a/b)nJrl
av+bom (L +(a/b)?) T 14 (a/b)"
Therefore, by Limit Theorem, and 0 < a/b < 1,

n+1 n+1 n+1 : n+1
lim @ +b ~ fim bl + (a/b) B bhmnﬁoo(l + (a/b)"*)

= =b.
n—oo  a™ + hn n—oo 1+ (a/b)" lim, o0 (1 + (a/b)™)

(as lim, 00 (a/b)™ =0 for a/b € (0,1).)

Note. We have used the fact lim,, o, ™ = 0 for a € (0,1). The fact was proved in class and in
the text book. You may simply quote it.

Supplementary Exercise

(1) Find the limit of {z,},z, = J{frﬁg) Determine ng explicitly for given £ > 0. Recall
definition: {z,} converges to z if for each ¢ > 0, there is some ng such that |z, — z| < ¢ for all

n > ng.

Solution We guess the limit is 7.
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14 76
=+

n  n?’

n

IN
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<

As both 14/n,76/n? — 0 as n — oo, 14/n + 76/n* — 0 also holds. For ¢ > 0, there is some ng
such that 14/n + 76/n? < ¢ for all n > ng. Taking ng further satisfying ng > 5, we conclude
|(Tn% +3)/(n? —n —5) — 7| < & for n > no.

(2) Let p(x) = ap + a1z + -+ - + apa™,an, # 0, and q(x) = by + byz + -+ + bpx™, by, # 0, be
two polynomials. Consider the sequence z; = p(k)/q(k),k > 1, (when k is large, q(k) does
not vanish, so you may assume that ¢ is always non-zero). Prove that (a) When n = m,
limy o0 g = an/bm ;

(b) When n > m, {z;} does not converge ; and

(¢) When n < m, limg_,o zx = 0.

(a) Write

p(k)  k"(ao/k" 4+ ar/k" '+ +ay)  ao/k" +ar /K4t ay
q(k) k™ (bo/k™ + b1 /km 1+ +by)  bo/k" + b /K" 4 4 by,

when m = n. By Limit Theorem,

lim p(k)  limp_oo(ag/k" + a1 /K"t ay) _an
k—oo q(k)  limpg_yoo(bo/k™ + b1 /K" 1+ +by) by

(b) WLOG let ay,b,, > 0. Using the fact that lim, ,o(ag/k" + a1 /k" ' +--- +an_1/k) = 0,
for € > 0, there is some kg such that

lag/k" + a1 /K"t 4+ +a,_1/k—0| <&, Vn>ny.
Choose € = a, /2, we have
lao/k™ + a1 /K" 4 -+ an_1/k — 0] < %” Vk > ko.

It follows that ag/k™ 4+ a1 /K" ' 4+ -+ + an_1/k + an > a,/2. Similarly we can find k; such that
bo/E™ + b1 /K™ 4+ - b1 /k + by, < 2byy, for all k > kp. Thus,

p(k)  E"(ao/k"+ar/k" 4+ ap) S kKlan/2  an
q(k) — km(bo/k™ 4+ by k™l o 4 b)) T kKM2by,  dby,

kn—m

for all £ > max{ko, k1}. Now, given M > 0, it is clear there is some K such that

p(k an, _
ok) = dby 7

~—
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for all £k > K. Indeed, it suffices to choose to be any natural number satisfying

n

4b,, M 1/(n—m)
K > ko, k1, < b ) .

We conclude that {zj} is not convergent, in fact,

lim zp = oo.
k—o0

(When a,b,, <0, it is —oo instead of co.)

(c) Similar to (a) we have

p(k)  Kao/k" +ar/k" N4 dan) 1 ag/k" +ay /K 4 ay
q(k)  k™(bo/k™ + by /K™l 4 £ by) KT b [T by JEM L e 4 by,

By Product Rule,

an

_oplk) ao/k" + ar /K" + -+ an
lim 22— —ox 9.
koo q(B)  kvoo KT koo by /K + b1 /K™ -+ by b

(3) Suppose that =, — x,x, > 0. Show that acﬁ/q — 2P/1 for p,q € N.

Solution Assume z > 0. We show x,ll/q — 2V if 2, — 2. Indeed, from

a — p = (a_ b)(an—l +an—2b+ L. +bn_1),
we get
Ty — T

AR L Y R S VI

1/q 1/q _
/1=t =

For e = x/2, there is some ng such that |z, —z| < x/2, which implies x,, > /2 for n > ng. Since

there are g-many terms in the denominator, o Mgl gl e gl > gx(z/2)' 711 =
1

a. It follows that |ac71/q — 2" < —|x, — x| for n > ng. For ae > 0, there is n; such that
«

|z, — x| < ae for all n > ny. Putting together, for n > ny = max{ng,n1},

1 1
21— 2V < Dz, — 2| < = xas=¢ .
a a

By the Product Rule, as w}/q — gt/ a:f/q — 2P/1 too.

When 2 = 0, for €2/ > 0, there is some ng such that 0 < z,, < e¥/P for all n > ng. It follows
that 0 < :Jcﬁ/q < ¢ for n > ng, done.



